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WHY A POPULATION CONVERGES TO STABILITY 
W.B. Arthur 
A large part of mathematical demography is built upon one 
fundamental theorem, the "strong ergodic theorem" of demography. 
If the fertility and mortality age-schedules of a population 
remain unchanged over time, its age distribution, no matter what 
its initial shape, will converge in time to a fixed and stable 
form. In brief, when demographic behavior remains unchanged, 
the population, it is said, converges to stability. 
There are two basic ways to prove that this is so, depen- 
ding on whether demographic behavior is described in discrete 
time, or in continuous time. For the discrete case, proof 
amounts to showing that an infinite product of the Leslie tran- 
sition matrix achieves a limiting constant £om. This is the 
principle behind the proofs of Leslie (1 945), Lopez (1 961), 
Parlett (1970), and many others. For the continuous case, proof 
amounts to solving the Lotka integral renewal equation and 
studying the asymptotic behavior of its solution terms. This 
is the principle behind the proofs of Lotka and Sharpe (1911), 
Lotka (1938), Coale (1972) and again, many others. Some of the 
modern papers (see, for example Cohen (1979)) probe the abstract, 
outer reaches of convergence, but the underlying principles 
remain largely the same. 
While neither form of proof is mathematically difficult, 
neither offers much in the way of direct and ready insight. The 
problem is that both forms are built on borrowed theory, either 
on positive matrix theory or on asymptotic integral equation 
theory. Both forms of proof are not self-contained.' The mech- 
anism forcing the age-structure to converge in each case there- 
fore remains partially hidden within the borrowed theory and 
becomes difficult to see. Those who do not want to steep them- 
selves in the theory of primitive matrices or in k-th order roots 
of integral equations are therefore left curious. Why should it 
be that a population converges? What is it about the process of 
regeneration of population numbers that means the age structure 
will converge to a stable form, and population growth to a con- 
stant rate? What mechanism underlies population convergence? 
This short paper presents a new argument for the convergence 
of the age structure, one that is self-contained, and that brings 
the mechanism behind convergence into full view. The idea is 
simple. Looked at directly, the dynamics of the age-distribution 
say little to our normal intuition. Looked at from a slightly 
different angle though, population dynamics define a smoothing 
or averaging process over the generations --a process comfortable 
to our intuition. This smoothing and resmoothing turns out to 
be the mechanism that forces the age structure toward a fixed 
and final form. 
The Problem. The problem can be stated simply enough. Assuming 
constant fertility and mortality behavior, with no in- or out- 
migration, a population evolves in discrete time according to 
the dynamics 
where B is the number of births in year t, m is the probabil- t X 
ity of reproducing at age x, and px is the probability.of sur- 
viving until age x. Present births, in other words, are the 
'~otka did publish a self-contained proof, in 1922. He 
sandwiched the initial age-distribution between two boundary 
curves that close in over time, eventually coinciding to trap 
the age distribution within a fixed shape. The proof is in- 
genious but the logic is loose, and the mechanism forcing con- 
vergence is difficult to see. 
sum o f  b i r t h s  b o r n  t o  p e o p l e  a t  c h i l d b e a r i n g  a g e s  who s t i l l  
s u r v i v e .  Summation i s  t a k e n  o v e r  t h e  a g e  groups  1  t o  Y (where 
M i s  a n  upper  l i m i t  t o  c h i l d b e a r i n g ) .  And t h e  numbers i n  t h e  
i n i t i a l  " g e n e r a t i o n " ,  B - M , . . . , B - l ,  a r e  assumed g i v e n .  N e i t h e r  
B, nor  p ,  n o r  m ,  of  c o u r s e ,  i s  n e g a t i v e .  
The a g e  compos i t ion ,  o r  p r o p o r t i o n  a t  a g e  a  a t  t i m e  t ,  is  
g i v e n  by 
t h e  numbers a t  a g e  a ,  d i v i d e d  by t h e  t o t a l  p o p u l a t i o n .  W e  s e e k  
t o  prove  t h a t  t h e  d i s t r i b u t i o n  c converges  t o  a  l i m i t i n g  con- 
* a r t  
s t a n t  f u n c t i o n  ca. 
Two o b s e r v a t i o n s  w i l l  h e l p  u s  t o  f u r n i s h  a  p r o o f .  F i r s t ,  
, 
n o t e  t h a t  it i s  enough t o  prove  t h a t  Bt converges  t o  a n  expo- 
* 
n e n t i a l  form, Bt + ~ * e ~ ~ ,  where a and r a r e  c o n s t a n t s .  For  i f  
t h i s  i s  t r u e  it f o l l o w s  by s u b s t i t u t i n g  f o r  Bt - a and Bt-x i n  ( 2 )  
t h a t  t h e  a g e  Z i s t r i b u t i o n  becomes f i x e d  and unchanging w i t h  t i m e :  
Armed w i t h  t h i s  w e  can  c o n f i n e  o u r  a t t e n t i o n  t o  why t h e  b i r t h  
sequence ,  Bt,  s h o u l d  become e x p o n e n t i a l .  Second, n o t e  t h a t  
convergence  t o  a n  e x p o n e n t i a l  form i s  hard  t o  p rove ,  t h e  t a r g e t  
is  moving a s  it w e r e ;  b u t  convergence  t o  a  f i x e d  v a l u e  i s  e a s y .  
T h e r e f o r e  w e  w i l l  normal ize  o r  r e d e f i n e  t h e  problem t o  one  o f  
convergence  t o  a  f i x e d  v a l u e .  
Smoothing P r o c e s s .  Begin w i t h  t h e  dynamics 
r t  
and d i v i d e  b o t h  s i d e s  by e , 
Renaming B e  -rt t o  be  t h e  v a r i a b l e  it -- t h e  "g rowth-cor rec ted"  
b i r t h  sequence  - - t h e  new, b u t  e q u i v a l e n t  dynamics become 
W e  w i l l  speak  somewhat l o o s e l y  o f  6 i n  what  f o l l o w s  a s  " b i r t h s " ,  
remembering though t h a t  t h e s e  " b i r t h s "  d i f f e r  from r e a l  b i r t h s  
by a n  e x p o n e n t i a l  f a c t o r .  
W e  now need o n l y  show t h a t  f o r  some v a l u e  o f  r ,  5 e v e n t u a l l y  
becomes c o n s t a n t  o v e r  t i m e .  Allowing o u r s e l v e s  some f o r e s i g h t ,  
w e  c h o o s e  r t o  s a t i s f y  
- r x  F i n a l l y ,  renaming e pxmx a s  q x ,  w e  may w r i t e  t h e  new b u t  e q u i -  
v a l e n t  dynamics a s  
where, by v i r t u e  o f  ( 7 ) ,  
The o r i g i n a l  dynamics have been changed b u t  l i t t l e ;  Bt h a s  
mere ly  been normal ized  t o  t h e  new v a r i a b l e  st. I i o t i c e  though,  
i n  t h e  new sys tem f o r  gt ,  t h e  c o e f f i c i e n t s  $ ( x )  sum t o  o n e  -- 0 i s  
a w e i g h t i n g  f u n c t i o n .  The new dynamics t h e r e f o r e  d e s c r i b e  a con- 
A 
t i n u o u s  smoothing p r o c e s s :  Bt i s  t h e  weighted  a v e r a g e  o f  t h e  M 
immediate p a s t  v a l u e s  o f  6; i s  t h e  weighted  a v e r a g e  o f  it 
A 
and t h e  M-1 immediate  p a s t  v a l u e s  o f  6 ;  B t + 2  t h e  weighted  a v e r a g e  
A A 
of  B t + l ,  Bt and t h e  M-2 immediate  p a s t  v a l u e s  o f  2. And s o  on.  
T h i s  c o n s t a n t  a v e r a g i n g ,  t h e n  a v e r a g i n g  o f  t h e  a v e r a g e s ,  w e  would 
* 
s u s p e c t , w i l l  converge  6 t o  a f i x e d  v a l u e  B ( a s  i n  F i g u r e  I ) ,  and 
* 
e q u i v a l e n t l y  w i l l  converge  B t o  t h e  e x p o n e n t i a l  form B ert .  Why? 
1 Time  
Initial Values 
F i g u r e  1  
The r e a s o n  i s  e a s y  t o  s k e t c h  when a l l  $ ( x )  are s t r i c t l y  
p o s i t i v e  ( g r e a t e r  t h a n  E s a y ) .  Mark t h e  l a r g e s t  o f  t h e  i n i t i a l  
b i r t h  v a l u e s  a s  fi t h e  s m a l l e s t  a s  6 t h e  d i f f e r e n c e  between 
-P ' -q' 
them be ing  d .  The i n i t i a l  g i v e n  v a l u e s  t h e r e f o r e  l i e  w i t h i n  a  
sp r ead  o f  d  u n i t s .  Now, t h e  f i r s t  v a l u e  go,  gene ra t ed  by t h e  
p roces s  w i l l  f a l l  s h o r t  of  t h e  g r e a t e s t  v a l u e  6- by a t  l e a s t  P  
~d  u n i t s :  
s o  t h a t  
(9) go 5 6 -P - $q(6-p - f3-q) < 6 '-8 p  - € d  
S i m i l a r l y ,  go must exceed t h e  s m a l l e s t  v a l u e  6- by a t  l e a s t  ~d  
q 
u n i t s .  The re fo re  iO w i l l  l i e  s t r i c t l y  i n s i d e  t h e  i n i t i a l  sp r ead  
of  b i r t h  v a l u e s  - - i n s i d e  by a  f i x e d  f a c t o r  1 - 2 ~ .  The same 
A 
argument a p p l i e s  a l l  t h e  more s o  t o  G I ,  and a g a i n  t o  E 2 ,  and s o  
A 
on u n t i l  BM-,.  The sp read  o f  t h e  e n t i r e  new g e n e r a t i o n  of  6 
v a l u e s  t h e r e f o r e  l i e s  s t r i c t l y  w i t h i n  t h a t  o f  t h e  o l d  one,  and 
by a  s p e c i f i e d  uniform f a c t o r .  Repeat ing t h e  argument ove r  t h e  
g e n e r a t i o n s ,  t h e  g e n e r a t i o n a l  sp r ead  i n  d imin i shes  geometri-  
* 
tally t o  ze ro .  gt t h e r e f o r e  converges  t o  a  f i x e d  v a l u e  B and 
* r t  
Bt t h e r e f o r e  converges  t o  e x p o n e n t i a l  growth,  B e . 
So f a r  s o  good. But what i f  some o f  t h e  +x v a l u e s  a r e  
z e r o  a s  i n  r e a l  p o p u l a t i o n s  where no r e p r o d u c t i o n  t a k e s  p l a c e  
a t  c e r t a i n  a g e s ?  W i l l  t h e  p r o c e s s  a lways  converge?  The answer 
i s  no. 
I 
-4 -3 -2 
-l l o  2 3 4 5  6 7 8 Time 
F i g u r e  2  
Cons ide r  t h e  four-age-group p o p u l a t i o n  i n  F i g u r e  2 ,  w i t h  = 
- C h i l d b e a r i n g  o c c u r s  o n l y  i n  t h e  second Q3 = 0 ,  and $ 2  = Q4 - 2. 
and f o u r t h  age-groups.  T h i s  p o p u l a t i o n  w i l l  o s c i l l a t e  i n d e f i -  
n i t e l y .  Here t h e  smoothing p r o c e s s  does  n o t  smooth: something 
i s  wrong. To see what ,  w e  need t o  look  a t  smoothing more c l o s e l y .  
Smoothing - A C l o s e r  Look. I n  g e n e r a l ,  assume t h a t  some, o r  
s e v e r a l ,  of  t h e  $ v a l u e s  a r e  z e r o .  The v a l u e  go t h e n  depends  
d i r e c t l y  on o n l y  c e r t a i n  of  t h e  o r i g i n a l  6 v a l u e s .  S i m i l a r l y ,  
f i l  depends d i r e c t l y  o n l y  on  t h e  n e i g h b o r s  of  t h e s e  v a l u e s .  For  
t h e  sys tem 
w e  c a n  g raph  t h i s  dependence a s  i n  F i g u r e  3a ,  p i c t u r i n g  each  
b i r t h  c o h o r t  a s  a  p o i n t ,  w i t h  a  d i r e c t e d  ar row drawn between 
them i f  dependent .  
F i g u r e  3a F i g u r e  3b 
The g raph  ex t ends  i n d e f i n i t e l y  downward. Not ice  though t h a t  
w h i l e  ho depends d i r e c t l y  on o n l y  two o f  t h e  i n i t i a l  v a l u e s ,  
A 
B4 depends on t h r e e  o f  them, and h8 on a l l  f o u r  o f  them. I f  
w e  s o  chose ,  w e  cou ld  t h e r e f o r e  w r i t e  t h e  dynamics w i t h  p r e s e n t  
6 v a l u e s  s p e c i f y i n g  e i g h t  s t e p s  ahead:  
- --- 
- - 
A 
T hi s  p r o c e s s ,  w i t h  new we igh t s  + ' ,  d e s c r i b e s  t h e  e v o l u t i o n  o f  B 
p e r f e c t l y  w e l l ,  moreover it remains  a smoothing p r o c e s s  a s  w e  can  
see by fo l l owing  t h e  we igh t s  backward from g8: t h e y  d i v i d e  up b u t  
c o n t i n u e  t o  sum t o  one .  Most impor t an t ,  it i s  a f u n c t i o n  o f  a l l  
t h e  i n i t i a l  v a l u e s  and i s  s t r i c t l y  p o s i t i v e  i n  a l l  i t s  c o e f f i -  
c i e n t s .  W e  cou ld  t h e r e f o r e  app ly  t h e  convergence argument above,  
showing t h a t  t h e  sp r ead  i n  any f o u r  c o n s e c u t i v e  v a l u e s  must be  
reduced e i g h t  s t e p s  ahead by a f i x e d  f a c t o r .  Taking 6 v a l u e s  
now twe lve  a t  a t i m e  ( t h e  o r i g i n a l  i n i t i a l  f o u r  p l u s  t h e  i n t e r -  
vening e i g h t ) ,  g e n e r a t i o n a l  sp r ead  once a g a i n  r educes  geometr ic-  
h 
a l l y ;  B converges ,  even though w e  s t a r t e d  w i t h  some $ weigh t s  a s  
z e r o .  
What t h e n  went wrong w i t h  t h e  c a s e  where and + 3  w e r e  
A 
zero?  Forming i t s  g raph  (F igu re  3b) w e  see t h e r e  i s  no f u t u r e  B 
va lue  t h a t  i s  a  f u n c t i o n  of  a l l  t h e  o r i g i n a l  g iven  v a l u e s .  
A 
Even-indexed B ' s  depend on even-indexed 2's;  odd ones depend 
on odd ones .  Here two s e p a r a t e  b u t  i d e n t i c a l  p roces se s  a r e  
going on: t h e  even p roces s  never  " s e e s "  t h e  i n i t i a l  v a l u e s  o f  
t h e  odd p roces s  and v i ce -ve r sa .  Both p r o c e s s e s  i t e r a t e  t h e i r  
i n i t i a l  v a l u e s  t o  a  l i m i t :  b u t  t h e r e  i s  an even l i m i t  and an 
odd l i m i t .  The p r o c e s s  o s c i l l a t e s  i n d e f i n i t e l y  between them. 
W e  can t h e r e f o r e  deduce a  g e n e r a l  p r i n c i p l e .  I f  t h e  graph 
of  t h e  p roces s ,  drawn one s t a g e  down and i g n o r i n g  t h e  d i r e c t e d -  
n e s s ,  i s  connected,  some 6 v a l u e  can  be w r i t t e n  a s  an  a l l -  
p o s i t i v e  f u n c t i o n  of  t h e  i n i t i a l  v a l u e s  and 6 w i l l  converge.  I f  
it i s  unconnected,  two o r  more s e p a r a t e  p r o c e s s e s  a r e  going on.  
fi w i l l  have c l u s t e r  p o i n t s  b u t  no s i n g l e  l i m i t ;  t h e  p roces s  w i l l  
o s c i l l a t e .  I t  i s  n o t  t o o  d i f f i c u l t  t o  show t h a t  i f  Bo depends 
on a t  l e a s t  two i n i t i a l  p o i n t s ,  - j  and -kt  t h a t  a r e  r e l a t i v e l y  
prime (no common d i v i s o r  o t h e r  t h a n  I ) ,  t h e n  t h e  g raph  must 
connec t .  S u f f i c i e n t  f o r  ou r  purposes  though i s  t h e  more e a s i l y  
checked o b s e r v a t i o n  t h a t  i f  t h e r e  a r e  two c o n s e c u t i v e  p o s i t i v e  
r e p r o d u c t i v e  ages ,  t h e  g raph  must connec t .  Only one smoothing 
* 
proces s  t h e n  happens: hence St converges  t o  a  l i m i t i n g  va lue  B ; 
* 
hence Bt converges  t o  s t e a d y  exponen t i a l  growth B ert ;  hence t h e  
age  composi t ion converges  t o  a  f i x e d  and s t a b l e  form. 
The Limi t ing  C o e f f i c i e n t .  One q u e s t i o n  remains .  How can w e  
* 
determine 3 ,  t h e  l i m i t i n g  c o e f f i c i e n t  of  t h e  e x p o n e n t i a l  b i r t h  
sequence? One p o s s i b i l i t y  i s  t o  look f o r  a  q u a n t i t y  t h a t  i s  
i n v a r i a n t ,  t h a t  i s  c a r r i e d  a long  unchanged o v e r  t h e  g e n e r a t i o n s .  
* 
Such a  q u a n t i t y  would e n a b l e  u s  t o  r e l a t e  B a t  t h e  end of t h e  
A 
proces s  t o  t h e  B v a l u e s  a t  t h e  beginning.  Now, each g e n e r a t i o n  
a t  any t i m e  can dona t e  t o  t h e  f u t u r e  a  c e r t a i n  number of  d i r e c t  
descendan ts .  On t h e s e  d i r e c t  descendan ts  a l l  f u t u r e  popu la t i on  
must be b u i l t - - t h e y  a r e  t h e  sy s t em ' s  " r e p r o d u c t i v e  p o t e n t i a l "  
o r  " r e p r o d u c t i v e  v a l u e "  a s  it were. W e  might  s u s p e c t  t h i s  r ep ro -  
d u c t i v e  p o t e n t i a l ,  in t h e  growth-corrected dynamics w e  have 
de f ined ,  t o  be i n v a r i a n t .  A l i t t l e  a l g e b r a  shows t h a t  t h i s  t u r n s  
o u t  t o  be t h e  c a s e .  
A t  t i m e  t ,  age-groups 6 t a k e n  t o g e t h e r ,  con- t - M '  
t r i b u t e  V, d i r e c t  d e s c e n d a n t s  t o  t h e  f u t u r e  - - t o  t h e  p e r i o d  from 
L 
t onward : 
A A 
- 
Vt - B t - ~ + ~  + B t - ~ + l  (+M-I  + + M I  +w. .+^Bt - l ($ l  + + 2 + . . . + $ M )  
( 1  0)  
A A 
S i m i l a r l y  a g e - g r o w s  Bt+ l -MI  - *  . , B t  c o n t r i b u t e  Vt+l  t o  t h e  
p e r i o d  from t + l  onwards: 
Noting t h a t  t h e  c o e f f i c i e n t  of  Bt i s  one ,  and u s i n g  ( 8 )  t o  re- 
* 
p l a c e  Bt ,  w e  f i n d  
Comparing (1 0)  w i t h  (1 1  ) t e r m  f o r  term, w e  see t h a t  V t  = Vt+l  ; 
V i s  indeed  an  i n v a r i a n t  q u a n t i t y  V .  t 
A t  t h e  s t a r t  
A A A G o = v = 8  -M+M + B -M+1 ( $M- 1 + h) +...+ B - l ( $ l  + $ 2 + " ' + $ M )  
( 1  2 )  
And i n  t h e  l i m i t  
S i n c e  + i s  t h e  d i s t r i b u t i o n  o f  c h i l d b e a r i n g  i n  t h e  p o p u l a t i o n ,  
* 
t h e  c o e f f i c i e n t  of B is t h e  mean age  of  c h i l d b e a r i n g ,  deno ted  A r .  
P u t t i n g  (1 2)  and ( 1  3 )  t o g e t h e r  y i e l d s  t h e  r e s u l t  w e  s e e k :  
* 
The v a l u e  B i s  d i r e c t l y  de te rmined  by t h e  i n i t i a l  b i r t h  sequence  
and t h e  f e r t i l i t y  and m o r t a l i t y  age  p a t t e r n s .  
Conclus ion.  To go back t o  t h e  o r i g i n a l  q u e s t i o n ,  why, i n  p l a i n  
words, does  a p o p u l a t i o n  converge?  The argument p r e s e n t e d  h e r e  
i s  both  s imp le  and new. Once t h e  p o p u l a t i o n ' s  tendency t o  grow 
i s  e l i m i n a t e d ,  by d i v i d i n g  growth o u t  of  t h e  dynamics, t h e  
p r o c e s s  o f  p o p u l a t i o n  rep lacement ,  b a r r i n g  b i z a r r e  r e p r o d u c t i v e  
p a t t e r n s ,  l i t e r a l l y  smoothes t h e  g e n e r a t i o n s  o u t .  Ch i l dbea r ing  
and hence t h e  f u n c t i o n  yl i s  n o t  c o n c e n t r a t e d  a t  one age  b u t  i s  
s p r ead  o v e r  s e v e r a l  y e a r s .  Hence p a s t  humps and hol lows i n  t h e  
b i r t h  sequence  are thrown i n  t o g e t h e r  i n  t h e  rep lacement  p r o c e s s .  
They a r e  averaged t o g e t h e r  - - t h e y  smooth o u t .  
Adding growth back means t h a t  a  smooth e x p o n e n t i a l  i n c r e a s e  
i s  reached  i n  t h e  l ong  r u n - - a n  e x p o n e n t i a l  t h a t  i s  f u l l y  f i x e d  
g iven  i n f o r m a t i o n  from t h e  i n i t i a l  b i r t h  sequence  and t h e  n e t  
f e r t i l i t y  p a t t e r n .  And once  t h e  b i r t h  sequence  r e a c h e s  exponen- 
t i a l  i n c r e a s e ,  t h e  a g e - d i s t r i b u t i o n  must assume i t s  s t a b l e  shape ,  
no m a t t e r  what it s t a r t e d  a s .  
References  
Coale ,  A . J . ,  The Growth and S t r u c t u r e  o f  Human P o p u l a t i o n s ,  
P r i n c e t o n  U n i v e r s i t y  P r e s s ,  P r i n c e t o n ,  1972. 
Cohen, J . E .  "Ergodic  Theorems i n  Demography," B u l l e t i n  o f  
t h e  American Mathemat ica l  S o c i e t y  1:275-295, March 1979. 
L e s l i e ,  P . H . ,  "On t h e  U s e  of  Ma t r i c e s  i n  c e r t a i n  Popu l a t i on  
Mathemat ics ,"  B i o m e t r i k a  33:183-212, 1945. 
Lotka ,  A . J .  and Sharpe ,  F.R.,  "A Problem i n  Age -Di s t r i bu t i on , "  
P h i t o s o p h i c a l  Magazine,  S e r .  6,21:435-438, 191 1 .  
Lotka ,  A . J . ,  "The S t a b i l i t y  o f  t h e  Normal Age D i s t r i b u t i o n , "  
Proceed ings  o f  t h e  N a t i o n a l  Academy o f  S c i e n c e s  8:339-345, 
November 1  92 2. 
Lotka ,  A . J . ,  "A C o n t r i b u t i o n  t o  t h e  Theory o f  Self-Renewing 
Aggrega tes ,  w i t h  S p e c i a l  Reference  t o  I n d u s t r i a l  Replace- 
ment,  " Annals  o f  Mathemat ica l  S t a t i s t i c s  10: 1-25, March 1939. 
Lopez, A . ,  Problems i n  S t a b l e  P o p u l a t i o n  T h e o r y ,  O f f i c e  of 
Pop u l a t i on  Research,  P r i n c e t o n ,  1961. 
